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Abstract: Correlation energies for all like ions of two electrons systems (P+13, S+14, Cl+15, Ar+16, K+17and Ca+18) and 

three electrons systems (P+12, S+13, Cl+14, Ar+15, K+16and Ca+17) are obtained by taking difference between theoretical 

total energies of Hartree- Fock calculations and experimental total energies.  

The atomic properties are calculated very important to describe the dynamics in atomic systems.      

 In this research used the division technique for the analysis the three electron system, also all the examining atomic 

properties were normalized and we used the atomic units in our calculations and the results is get by using Mathcad 

14 program. 
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I.   INTRODUCTION 

The Hartree-Fock(HF) approximation ignores the correlation between electrons, but gives roughly 99% of the total 

electronic energy. Moreover, it is often accurate for the predication of atomic structure. Unfortunately, the part of the energy 

which the Hartree-Fock approximation ignores can have important chemical effects and this is particularly true when bonds 

are formed and/or broken. Consequently, realistic model chemistries require a satisfactory treatment of electronic 

correlation. The concept of electron correlation EC was introduced by Wigner and defined as[1], 

EC = E − 𝐸𝐻𝐹                                                                             (1) 

Where E is the exact non-relativistic energy, i.e., the difference between the correlated and the Hartree-Fock energies 𝐸𝐻𝐹   

II.   THEORY 

The wave function 
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of any system is a mathematical expression which describes the system properties 

as position, momentum, energy , etc. In the uncorrelated wave function approximation, each particle is assumed to move in 

only the average field of all the other particles of the system. This kind uses approximation that called Hartree-Fock 

approximation (HF). In the correlated wave function approximation one can take into account the correlation between all 

the particles of the system by using the configuration interaction approximation (CI). The wave function for the one–particle 

is defined as : 
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the radial factor 
)r(

n
R

  is related to the distance of electron from the nucleus and depends on the n (principal quantum 

number) and   (angular momentum quantum number) while the angular factor(spherical harmonic) 

),(
m

Y 



 supplies 

an angle dependence and depends on the   and 
m

 (magnetic quantum number) [2]. 

The Hartree-Fock (HF) atomic wave functions are independent particle-model approximations to non-relativistic 

Schrödinger equation for stationary states. The single determinant can be written as the ant symmetrized product of all 

occupied HF spin-orbital for atoms [3] . 

                                                                                                                           (3) 

 

Where A is the ant symmetrized operator given by : 

                                                                                                                 (4) 

          Takes the values +1 and –1 for even and odd permutation, P is any permutation of the electron, and the factor !N

1

 

introduced to ensure that the wavefunction is normalized. For our purpose the wavefunction can be written as 

               

                                                                                                                    (5) 

              

  where the pair function 

mn

ijA
 can be defined as: 

                                                                                                                                 (6) 

 

And 
ijΠ

 represents the product of all occupied HF-spin orbital except 
(m)i

 and 
(n)j

. i and j represent spin orbital 

labels, also m and n referr to electron labels. 

The product 
)N...123(

 in equation (3) can be defined as: 
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Equation(5) can be expressed in terms of Slater determinant as follows: 
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For any atom or ion, the Hartree-fock spatial orbital may   be written as: 

 

                                                                                                                                      (9) 

Where ic
 represents the constant coefficient yield from the SCF method And i

 is the basis function as a standard 

normalized Slater-type orbital (STO’s), which is given by:                                                                                                                   

                                                                                                                                  (10) 

 

Many of the properties of an element depend on the energies of its electrons, that mean in each  moment, we can specify 

the energy of the an electron precisely, but not its location at a given instant. So in quantum mechanics when we want 

determined the location we talk about the probability of finding an electron in specific region from the space at given 

instant[4]. 

The one-electron radial density function D(r1) represents the probability density function of finding an electron at a distance 

between r1 and r1 + dr1 from the coordinate origin 

defined as[5]                                                                                                                                                                          

𝐷(𝑟1) = ∫ 𝐷(𝑟1, 𝑟2)𝑑𝑟2
∞

0
                                           (11) 

The radial electron-electron distribution function 𝑓(𝑟12), which describes the probability of  locating  two electrons 

separated by distance 𝑟12 from each other, was first introduced by Coulson and Neilson in their study of electron correlation  

for He(1S ) in the ground state[6,7] 

Pair distribution function can be written as [8]. 
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The one-electron expectation value 〈r1
n〉 is determined by the expression as [9] 

〈𝑟1
𝑛〉 = ∫ 𝐷(𝑟1)𝑟1

𝑛∞

0
𝑑𝑟1                                                              (13) 

the inter-electron expectation values  〈𝑟12
𝑛 〉  is given by the relation [8] 

〈𝑟12
𝑛 〉 = ∫ 𝑓(𝑟12)𝑟12

𝑛  𝑑𝑟12
∞

0
                                                        (14) 

The virial theorem is a necessary condition for any stationary state. From the theorem, we are led to[10] 

〈𝐸〉 = 〈𝑇〉 + 〈𝑉〉                                                                            (15) 

〈𝐸〉 = −〈𝑇〉 =
〈𝑉〉

2⁄                                                                     (16) 

Expectation value of potential energy proportional to the expectation values of  〈𝑟1
−1〉 and 〈𝑟12

−1〉 respectively , where [11] 

〈𝑉𝑒𝑛〉 = −𝑍. 〈𝑟1
−1〉                                                                  (17) 

 

〈𝑉𝑒𝑒〉 = 〈𝑟12
−1〉                                                                     (18) 

III.   RESULTS AND DISCUSSION 

Figure1 represented the relation between one–particle radial density distribution function D (r1) with the position ( r1) for 

two-electron system ,the figures 2,3 for k and KL≡ KβLα shells in three -electron system and figures  (2,3) for three-

electrons systems. From these figures observed that the maximum values of D(r1) increases as Z increases , while  the 
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locations of  these peaks are contracted toward the nucleus where we note the maximum probability density distribution 

function D(r1) for Ca+18 is closer to the nucleus from D(r1) for P+13 This difference occurs because the Ca+18  nucleus Z=20 

exerts a much stronger attractive force on electrons than does the P+13  nucleus (Z=15), it was also observed from these 

figures when the distance equal to zero the probability of finding an electron equal to Zero  { when r =0  𝐷(𝑟1) = 0 }. This 

means that the electron is cannot be existed  inside the nucleus  and when the distance is far away the probability of finding 

an electron equal to Zero also{ when r = ∞   𝐷(𝑟1) = 0 }.  That means not possible that  the electron to be existed  outside 

the atom. 

According to the figure (3),it is found there are two peaks for αLα and βLα Shells. The first peak represented the 

probability of finding the electron in the -shell, the second peak represented the probability of finding the electron in the 

L-shell and we can, also, found that the probability of finding an electron in the K-shell is larger than that in the L-shell 

because - shell is the nearest to nucleus ,so that attraction force between the nucleus and the electron is larger for K-shell 

than for L-shell According to coulomb law. In general we note the maximum probability density distribution function D(r1) 

in two-electron system Slightly less than three-electron system because  the two system have just two electron in K-shell 

but the three system have two electron in K-shell and one electron in L-shell this electron reduces attraction nuclear force 

and thus increasing distance. 

 

Figure 4 for two-electron system , figures 5,6 and 7 for tthree-electron system representing the inter-particle 

distribution function 𝐟(𝐫𝟏𝟐), which describes the probability of locating two electrons separated by distance 𝒓𝟏𝟐 

from each other . 
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from fig(4) where z increases the maximum value of the inter particle distribution function increases f(r12)P−ion >

f(r12)S−ion > f(r12)Cl−ion > f(r12)Ar−ion > f(r12)k−ion   > f(r12)Ca−ion for two-electron system  also like three-electron 

system  fig(5) ,  and observed that when 𝑟12  = 0 The probability of the inter particle distribution function f(r12) = 0 this 

means that the electron  not be closed on another electron  and when the distance is far away (𝑟12  = ∞) the probability of 

the inter particle distribution function f(r12) equal to Zero also  That means the diameter is not found out the atom.From 

figure (7) it can be noted that one peak in the KL− shell and two peaks in the KβLα-shell because in the KL shell 

the electron  in the K -shell associated with the electron  in the L- shell ,so the two electrons are parallel (has the same 

spin) and according to Pauli exclusion principle ( no two electrons can occupy the same spin state) therefore; there is one 

probability of finding two electrons simultaneous in KL−shell ,while in the KβLα shell has two peaks ,the first peak 

represent the probability of finding two electrons in small distance  r12 and the second peak represented the probability of 

finding two electrons in the larger distance between them (r12). Table (1) and table (2) shown The one-electron expectation 

value 〈r1
n〉 and The inter-particle expectation values 〈𝑟12

𝑛 〉  for two and thrre-electrons systems respectively  
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Tables (1) and (2) we note that the one-particle expectation value 〈𝑟1
𝑛〉 for K-shell increases when n take value -1, while 

when n take value +1 this lead to increases to the attraction force between the nucleus and the electrons where the 〈𝑟1
−1〉 

related to the attraction energy expectation value 〈𝑉𝑒𝑛〉 = −𝑍[ 𝑁. 〈𝑟1
−1〉], ], 𝑁 represents the number of electrons in the shell 

.Also from tables when Z increases the inter-particle expectation value 〈𝑟12
𝑛 〉 and 〈𝑟1

𝑛〉 increases where 〈𝑟12
−1〉 represents 

repulsion energy between two-electrons, the values of 〈𝑟12
𝑛 〉 when n=-1 in the KL − shell is smaller than those in 

KβLα shell because the two electrons in the KL − shell are parallel this lead the distance between the two electrons 

decreased so the 〈𝑟12
−1〉 (which represent the repulsion energy between two electrons)is smaller in the KL − shell  , and 

when n=1 in the KL − shell is greater than those in KβLα shell because the two electrons in the KL − shellhad the 

same spin so the distance must be large between them than the distance between the electrons had antiparallel spins 

according to Fermi effect. When comparison we find the expectation values  ˂r1
-1  ˃and  ˂r12

-1  ˃in three-electron system 

less than two-electron system because influence of third electron in L-shell for three-electron system with electron found in 

K-shell and with nucleus. Table(3) and table(4) shows the expectation value energies of two and three-electrons systems as 

electron-nucleus attraction expectation value ˂𝑉𝑒𝑛˃, the electron-electron repulsion expectation value ˂𝑉𝑒𝑒˃ the potential 

energy expectation value ˂𝑉˃ and the expectation values of Hartree-Fock energy ˂𝐸𝐻𝐹˃ .  
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From the tables (3) and (4) we noted that increasing all energies as nuclear charge increase .We note the attraction energy 

expectation values 〈𝑉𝑒𝑛〉 are larger than the repulsion energy expectation value 〈𝑉𝑒𝑒〉 because the distances between the 

electrons and the nucleus are smaller than the distances between the electrons ,and it can be observed from table(4) the 

expectation value of repulsion energy in the KL is smaller than that in the 𝐾𝛽𝐿𝛼 because the distance between two 

electrons in the KL is larger than that in the 𝐾𝛽𝐿𝛼 . 

Also it noted that energies largest in three-electron than two-electron system because it have three term of attraction force 

between nucleus and electron ,also has three  repulsion terms resulted from the interaction between the electrons while two-

electron system has two term of attraction force and  the repulsion term. 

Tables (5) and (6) represented Correlation Energy Ecorr  for two-electron system and three electron system respectively 

 

the correlation energy is the difference between the exact non-relativistic energy and the Hartree-Fock (HF) energy 

of a system
 HFcorr EEE −=   and we noted from above tables that correlation energy depended on nucleus 

charge so it increases when  nucleus charge increases. Also note that the correlation energy largest in three-electron system 

than two electron system because the exact energy bigger of three-electron system than two-electron system. 

( )E

( )HFE
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IV.   CONCLUSION 

1. When the atomic number Z increases , the one-particle radial density distribution   function    𝐷(𝑟1)   and  the inter-

particle distribution function 𝑓(𝑟12)are increased for two and three electrons systems. 

2. For both one-particle expectation〈𝑟1
𝑛〉, and inter-particle expectation  〈𝑟12

𝑛 〉 increase when Z increase for two and three 

electrons systems. 

3. All the expectation values of the energies 〈𝑉𝑒𝑛〉 , 〈𝑉𝑒𝑒〉, 〈𝑉〉 , 〈𝑇〉and     〈𝐸𝐻𝐹〉  increase when the atomic number increases 

for two and three electrons systems. 

4. It can be observed that flat region at small r12 of inter particle density function for KL-shell due to Fermi effect which 

means there is no probability to find two electrons in the same spin together in small distance between them 

5. The correlation energy increases with increases in atomic number for all studied systems.  
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