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Abstract: Correlation energies for all like ions of two electrons systems (P*3, S*4, CI**®, Ar*¢, K**’and Ca*®) and
three electrons systems (P**2, S*13, CI*4, Ar*%5, K*%and Ca*'’) are obtained by taking difference between theoretical
total energies of Hartree- Fock calculations and experimental total energies.

The atomic properties are calculated very important to describe the dynamics in atomic systems.

In this research used the division technique for the analysis the three electron system, also all the examining atomic
properties were normalized and we used the atomic units in our calculations and the results is get by using Mathcad
14 program.
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I. INTRODUCTION

The Hartree-Fock(HF) approximation ignores the correlation between electrons, but gives roughly 99% of the total
electronic energy. Moreover, it is often accurate for the predication of atomic structure. Unfortunately, the part of the energy
which the Hartree-Fock approximation ignores can have important chemical effects and this is particularly true when bonds
are formed and/or broken. Consequently, realistic model chemistries require a satisfactory treatment of electronic
correlation. The concept of electron correlation Ec was introduced by Wigner and defined as[1],

EC = E - EHF (1)
Where E is the exact non-relativistic energy, i.e., the difference between the correlated and the Hartree-Fock energies Ey,

Il. THEORY
The wave function LACRLARARR S )of an i [ [ [ i [

y system is a mathematical expression which describes the system properties
as position, momentum, energy , etc. In the uncorrelated wave function approximation, each particle is assumed to move in
only the average field of all the other particles of the system. This kind uses approximation that called Hartree-Fock
approximation (HF). In the correlated wave function approximation one can take into account the correlation between all
the particles of the system by using the configuration interaction approximation (CI). The wave function for the one—particle
is defined as :

lIl/ﬂfl’ﬂg mS(F)=Rnf(r)ng£(9;¢)O'(S) 2
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R_(r
the radial factor nf( ) is related to the distance of electron from the nucleus and depends on the n (principal quantum
/ Vi (0:6)
number) and * (angular momentum quantum number) while the angular factor(spherical harmonic) 14 supplies

m

an angle dependence and depends on the 4 and ! (magnetic quantum number) [2].

The Hartree-Fock (HF) atomic wave functions are independent particle-model approximations to non-relativistic
Schrédinger equation for stationary states. The single determinant can be written as the ant symmetrized product of all
occupied HF spin-orbital for atoms [3] .

Y.-(123..N)=ATl(123..N) @)

Where A is the ant symmetrized operator given by :

1 p
AP

(-1 )PTakes the values +1 and —1 for even and odd permutation, P is any permutation of the electron, and the factor
introduced to ensure that the wavefunction is normalized. For our purpose the wavefunction can be written as

4)

L
JINY

Y’HF(123...N):§J_ p{jnn(_l)PAHij 5)
where the pair function ;“” can be defined as:
AT = 6, (m)g; (1) = ¢ () X
And Hij represents the product of all occupied HF-spin orbital except #(m) and P ang j represent spin orbital

labels, also m and n referr to electron labels.

The product 11(123..N ) in equation (3) can be defined as:
(D
11(123---N) = ¢1(1)¢2(2)¢3(3)---¢N (N)
Equation(5) can be expressed in terms of Slater determinant as follows:
#()e(2) .. .. &(N)
9(1)8,(2) .. ... #(N)
1 ©)
¥ (123---N)=—
HF( ) \/m
n(D(2) .. . 4(N)
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For any atom or ion, the Hartree-fock spatial orbital may be written as:
J
¢ = .2 Cjxj ©)

C. .
Where ' represents the constant coefficient yield from the SCF method And i is the basis function as a standard
normalized Slater-type orbital (STO’s), which is given by:

Yrim, 0.6) = Rg (1 Wy (0.9)

Many of the properties of an element depend on the energies of its electrons, that mean in each moment, we can specify
the energy of the an electron precisely, but not its location at a given instant. So in quantum mechanics when we want
determined the location we talk about the probability of finding an electron in specific region from the space at given
instant[4].

The one-electron radial density function D(r1) represents the probability density function of finding an electron at a distance
between r1 and r1 + dr; from the coordinate origin

defined as[5]
D(ry) = fOOOD(rp’”z)d”z (11)

The radial electron-electron distribution function f(r;,), which describes the probability of locating two electrons
separated by distance r;, from each other, was first introduced by Coulson and Neilson in their study of electron correlation
for He(*S ) in the ground state[6,7]

Pair distribution function can be written as [8].

f(r1z) = 81°ry, [foru rdr f:f:j [(ry, rp)rpdr; + f:z rdr fr12+r1 [(ry, r)ry drz] (12)

T12—T1
The one-electron expectation value (r;™) is determined by the expression as [9]
(") = J; D) dry (13)

the inter-electron expectation values (r7%) is given by the relation [8]

(rfy) = [y f (i) dri, (14)
The virial theorem is a necessary condition for any stationary state. From the theorem, we are led to[10]
(E) =(T)+(V) (15)
g) =~y ="V, (16)
Expectation value of potential energy proportional to the expectation values of (r;"1) and (ry;) respectively , where [11]
(Ven) = —Z.(r") (17
(Vee) = (r2") (18)

I11. RESULTS AND DISCUSSION

Figurel represented the relation between one—particle radial density distribution function D (r1) with the position ( r1) for
two-electron system ,the figures 2,3 for k and KaLa= KBLa shells in three -electron system and figures (2,3) for three-
electrons systems. From these figures observed that the maximum values of D(r1) increases as Z increases , while the

Page | 109
Novelty Journals



https://www.noveltyjournals.com/
https://www.noveltyjournals.com/
https://www.noveltyjournals.com/

- Novelty Journals ISSN 2394-9651

International Journal of Novel Research in Physics Chemistry & Mathematics
Vol. 10, Issue 3, pp: (107-114), Month: September - December 2023, Available at: www.noveltyjournals.com

locations of these peaks are contracted toward the nucleus where we note the maximum probability density distribution
function D(r,) for Ca*® is closer to the nucleus from D(ry) for P*2® This difference occurs because the Ca*™*® nucleus Z=20
exerts a much stronger attractive force on electrons than does the P*2® nucleus (Z=15), it was also observed from these
figures when the distance equal to zero the probability of finding an electron equal to Zero { when r=0 D(r;) = 0 }. This
means that the electron is cannot be existed inside the nucleus and when the distance is far away the probability of finding
an electron equal to Zero also{ whenr=o D(r;) = 0 }. That means not possible that the electron to be existed outside
the atom.

According to the figure (3),it is found there are two peaks for [JaLa and [BLa Shells. The first peak represented the
probability of finding the electron in the [1-shell, the second peak represented the probability of finding the electron in the
L-shell and we can, also, found that the probability of finding an electron in the K-shell is larger than that in the L-shell
because (- shell is the nearest to nucleus ,so that attraction force between the nucleus and the electron is larger for K-shell
than for L-shell According to coulomb law. In general we note the maximum probability density distribution function D(r1)
in two-electron system Slightly less than three-electron system because the two system have just two electron in K-shell
but the three system have two electron in K-shell and one electron in L-shell this electron reduces attraction nuclear force
and thus increasing distance.

DICYEE —
D (rl)

D(rl) 1§

Fig(1):Relation between D(r;) with the Fig(2): Relation between D(r;) with the position( Fig(3): Relation between D(r;) with the
position ( r; ) for two- electron system 1) for K -shell.(Three-electron system) position( r1) for (Kala= KBLa) shells.

Figure 4 for two-electron system , figures 5,6 and 7 for tthree-electron system representing the inter-particle
distribution function f(r;,), which describes the probability of locating two electrons separated by distance r;,
from each other .

f{r12) O — f(rs) Y —
¥ - Pl —
Fig(4): The relation between f{r1;) with corresponding Fig(5): The relation between f{rq2) with corresponding
position ry, for two- electron system system. position 7r,;, for three- electron system system.
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Fig(6): The relation between f{r12) with corresponding Fig(7): The relation between f{r1,) with corresponding
position ry, KPLo: - shell of three -electron system. position r;, Kolo -shell of three electron system.

from fig(4) where z increases the maximum value of the inter particle distribution function increases f(ry3)p—ion >
f(r12)s—ion = f(r12) ciion > f(r1z) ar—ion > f(r12)k—ion > f(r12)ca—ion fOr two-electron system also like three-electron
system fig(5), and observed that when r;, = 0 The probability of the inter particle distribution function f(r;,) = 0 this
means that the electron not be closed on another electron and when the distance is far away (r;, = ) the probability of
the inter particle distribution function f(r;,) equal to Zero also That means the diameter is not found out the atom.From
figure (7) it can be noted that one peak in the KaLo— shell and two peaks in the KBLa-shell because in the KaLa shell
the electron o in the K -shell associated with the electron o in the L- shell ,so the two electrons are parallel (has the same
spin) and according to Pauli exclusion principle ( no two electrons can occupy the same spin state) therefore; there is one
probability of finding two electrons simultaneous in KalLa—shell ,while in the KBLa shell has two peaks ,the first peak
represent the probability of finding two electrons in small distance ri2 and the second peak represented the probability of
finding two electrons in the larger distance between them (r12). Table (1) and table (2) shown The one-electron expectation
value (r;™) and The inter-particle expectation values (r{%) for two and thrre-electrons systems respectively

Table (1): Expectation values (r71), (r}), (r73)and (r72) for two-electron system

ion ResulE and <r'> <ri> <132 > <rh>
comparison
pr13 Present work 14.68774 0.10257 9.15305 0.149670
Ref[12] 14.68774 0.102572 9.15305 0.1497
g4 Present work 15.68773 | 0.09601 9.77804 0.14011
Ref[12] 15.68772 0.096006 9.77804 0.14011
1S Present work 16.68728 0.09023 10.40259 0.13167
Ref[12] 16.68728 0.090229 10.40259 0.13167
Ar6 Present work 17.68736 0.08511 11.02769 0.12419
Ref[12] 17.68736 0.08511 11.02769 0.12419
K17 Present work 18.68727 0.08054 11.65259 0.11752
Ref[12] 18.68727 0.080539 11.65259 0.11752
e Present work 19.68759 0.07644 12.27797 0.11153
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| Table (2): Expectation values {r{*), (rf), (rizt}and (r3}) for three-electron system I

ion shell <rrl= <nt> <rpl> <rn'=
k 14.67506  0.10270 9.14316 0.14989

pz2 kBLa  9.02590 0.26975 2.87951 0.45070
kodo  9.02590 0.26975 2.60122 0.45349
Average 10.90895  0.21406 4.87463 0.35136

k 15.67503  0.09612 9.76823 0.14029

g1 kBLa  9.65112 0.25162 3.08985 0.42018
koda  9.65112 0.25162 2.78953 0.42282
Average 11.65909  0.19978 5.21587 0.32776

k 16.67488  0.09033 10.39316 0.13183

cpie kBLa 1027623 023577 3.30006 0.39353
kodoe 1027623  0.23577 2.97778 0.39602
Average 12.40911  0.18729 5.557 0.30712

k 17.67463  0.08520 11.01786 0.12434

apis  kBLa 1090300  0.22181 3.51125 0.37007
kodoe  10.90300  0.22181 3.16634 0.37244
Average 13.16021  0.17627 5.89848 0.28895

k 18.67449  0.08062 11.64287 0.11765

K16 kBLa  11.52636  0.20940 3.72042 0.34924
kodo  11.52636  0.20940 3.35414 0.35149
Average 13.90907  0.16647 6.23914 0.27279

k 19.67396  0.07651 12.26731 0.11165

can  KBLa 1215124 0.19831 3.93050 0.33064
= kodo 1215124  0.19831 3.54225 0.33279
Average 14.65881 0.15771 6.58002 0.25836

Tables (1) and (2) we note that the one-particle expectation value (r{*) for K-shell increases when n take value -1, while
when n take value +1 this lead to increases to the attraction force between the nucleus and the electrons where the (1)
related to the attraction energy expectation value (V,,,) = —Z[ N.{r;" )], ], N represents the number of electrons in the shell
.Also from tables when Z increases the inter-particle expectation value (r{%) and (r{*) increases where (ry;!) represents
repulsion energy between two-electrons, the values of (r]5) when n=-1 in the KaLa — shell is smaller than those in
KBLa shell because the two electrons in the KoalLo — shell are parallel this lead the distance between the two electrons
decreased so the (r;3!) (which represent the repulsion energy between two electrons)is smaller in the KoLo. — shell , and
when n=1 in the KaLo — shell is greater than those in KBLa shell because the two electrons in the KaLa — shellhad the
same spin so the distance must be large between them than the distance between the electrons had antiparallel spins
according to Fermi effect. When comparison we find the expectation values <r;™* >and <ry;! >in three-electron system
less than two-electron system because influence of third electron in L-shell for three-electron system with electron found in
K-shell and with nucleus. Table(3) and table(4) shows the expectation value energies of two and three-electrons systems as
electron-nucleus attraction expectation value <V,,,>, the electron-electron repulsion expectation value <V,,> the potential
energy expectation value <> and the expectation values of Hartree-Fock energy <Eyp> .

Table (3): The expectation values for all attraction. repulsion. kinetic and Hartree-Fock
energies for two-electron system
ion ﬁe:lul;:i:gn —<V> <V.e> —<V> <T> —<Eyp>
p13 Present work 440.63220 915305 431.47915 215.73958 215.73958
Ref[12] 440.63223 9.15305 431.47918 215.7395% 215.73959
g4 Present work 502.00736 9.77804 492.22932 246.11466 246.11466
Ref[12] 502.0072% $9.77804 49222926 246.114628 246.114628
CI15 Present work 567.36752 10.40259 556.96493 278.48246 278.48246
Ref[12] 567.36758 10.40259 556.965 278.482499 || 278.482499
Apl6 Present work 636.74496 11.02769 625.71727 312.85864 312.85864
Ref[12] 636.7451 11.02769 625.71741 312.858707 312.858707
K17 Present work 710.11626 11.65259 698.46367 349.23183 34923183
Ref[12] 710.11633 11.65259 698.46375 349.231873 349.231873
Carlt Present work 787.50360 12.27797 77522563 387.61282 387.61282
Refl1g ] [ e s 775.22035 387.60930 387.61106
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Table (4): The expactation values for all attraction, repulsion, kinetic and Hartree-Fock

enargies for thres-elactron system
| Ton | shell | —<v,> |  <v.> —<v> | <T> —<Eye>
[ K 22012590 | 9.14316 || 210.98274 | 10549137 105.49137
| KBLa || 13538850 | 2.87551 132.50895 6625449 6625445
P® | Keaa | 13533865 2.60122 132.78743 66.39371 66.39371
‘ total l 490.90305 14.62389 ‘ 47627916 ’ 238.13957 }73%%5—2’53]—
Kk || 25080048 || 976823 || 24103225 | 12051613 | 12051613
KBLa | 13441792 | 3.08985 | 15132807 | 75.66403 |  75.66403
S| Keda | 15441776 2.78953 | 151.62823 7581411 | 7581411
total | 55063616 | 1564761 | 54398855 | 27199427 |——2ik:242]
: : : : 271.99241[13]
[k 28347296 10.39316 || 273.07980 136.53590 136.53590 |
| KBLa || 17465591 3.30006 171.35585 85.69792 8569792
™ keae | 17469591 297778 171.71813 85.85907 £5.85907
wal | 63286478 | 16671 | 61619378 | 30800639 | 301‘_’8;7:‘638[:3]
K 318.14334 11.01786 | 307.12548 153.56274 133.56274
A |_KBLa || 19625400 || 351125 19274275 || 9637138 9637138
%t | meao || 19624356 | 316634 193.07722 | 96.33861 9653861
total H 710.64090 “ 1769545 | €92.94545 ’ 34647273 | = mﬁim

From the tables (3) and (4) we noted that increasing all energies as nuclear charge increase .\We note the attraction energy
expectation values (V,,,) are larger than the repulsion energy expectation value (V,.) because the distances between the
electrons and the nucleus are smaller than the distances between the electrons ,and it can be observed from table(4) the
expectation value of repulsion energy in the KalLa is smaller than that in the KBLa because the distance between two
electrons in the KalLa is larger than that in the KSLa .

Also it noted that energies largest in three-electron than two-electron system because it have three term of attraction force
between nucleus and electron ,also has three repulsion terms resulted from the interaction between the electrons while two-
electron system has two term of attraction force and the repulsion term.

Tables (5) and (6) represented Correlation Energy Ecor for two-electron system and three electron system respectively

Table (5): the correlation energy for Table (6): the correlation energy for
two-electron three-electron

ion -Eo Ewr Econ ion -Eo Eur Econ
P13 || 216.34325 || 215.73958 | 0.60367 P+12 | 238.82947 | 238.13957 | 0.68990
S*14 || 246 89231 | 246.11466 | 0.77765 S*12 | 272 88055 | 271.99427 | 0.88628
CIF15 | 279.47886 | 278.48246 | 0.99640 CI1# || 309.22491 | 308.09689 | 1.12802
Art16 || 31410657 || 312.85864 | 1.24793 Ar15 | 34784270 || 346.47273 1.36997
K17 || 350.78647 | 349.23183 || 1.55464 K16 || 388.76515 || 387.04969 1.71546
Ca*® | 389.51488 | 387.61282 | .190206 Ca™l7 | 432.06541 || 429.89426 | 2.17115

the correlation energy is the difference between the exact non-relativistic energy (Eo )and the Hartree-Fock (HF) energy

E of a system E =E —-E and we noted from above tables that correlation energy depended on nucleus
HF corr o~ EHE

charge so it increases when nucleus charge increases. Also note that the correlation energy largest in three-electron system

than two electron system because the exact energy bigger of three-electron system than two-electron system.
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IV. CONCLUSION

1. When the atomic number Z increases , the one-particle radial density distribution function D(r;) and the inter-
particle distribution function f (1, )are increased for two and three electrons systems.

2. For both one-particle expectation(r*), and inter-particle expectation (r{%) increase when Z increase for two and three
electrons systems.

3. All the expectation values of the energies (V,) , (V,.), (V) ,(T)and (Eyr) increase when the atomic number increases
for two and three electrons systems.

4. It can be observed that flat region at small r12 of inter particle density function for KalLa-shell due to Fermi effect which
means there is no probability to find two electrons in the same spin together in small distance between them
5. The correlation energy increases with increases in atomic number for all studied systems.
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